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Abstract

We consider a process where transactions, suchust®nger service transactions, are
classified into categories. With just two categeyrithe fractions in each can be monitored with
the familiar p-chart based on the Binomial distribution. With more thao categories, the
fractions can be monitored with a method based tastastatistics as in Marcucci (1985). Here
we present a new method for monitoring the fractbtransactions among categories called the
p-tree.We show thatny multinomial withK categories can be transformed into a probability
tree with K-1 binary stages, and monitored wikil independenp-chars. In contrast to
Marcucci’'s method, the-treemethod provides an accurate and easy way to netespgnals by
helping to pinpoint the category where there haanbe disturbance. There is no limit on the
number of categories. Simulation studies showpheee method is a helpful diagnostic tool
while the Marcucci’'s method is not. The simulatiaalso show that the-tree and Marcucci

methods have comparable sensitivity.
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1 Introduction

Consider a process where transactions are claksifiseveral categories. The transactions
could be related to customer service or to manufadtproducts; however, the primary interest
here is in the customer service area. The workmatsvated by the previous experience of the
first author who served as director the national administration of the property ta)Cinile.

Consider how categories are formed in a propemrtysgxrvice noting that the system has
many similarities to private sector service systeMastices are sent monthly in batches to the
taxpayers to communicate changes in the assessifentaxpayers have one month to file a
complaint. Rafool (2002) contains an overview o S property tax system and The New
Jersey Property Tax Assessment Study CommissioB6f18escribes methods and makes
recommendations, which are still valid, about tdmmistration of this tax in New Jersey.

The assessment process generates errors thakfayd¢a and the property tax system must
resolve. A taxpayer with a problem passes throwghdtages: the first is to consult with a front
desk assessor and the second is to actually tlenglaint (assuming that first stage is always
required before filing a complaint). The managemanthe end of the deadline, may classify the
sent notices into three categories: not consuttedsulted but not filed, and consulted and filed
complaints

When there are only two categories, the fractiaesmonitored with the familiap-chart
based on the Binomial distribution for the realizednbers in one of the two categories. With
more than two categories, these fractions can b&itored with a control chart based on a test
statistics as in Marcucci (1985). This method assuthat the probability parameters do not
depend on the sample volume and samples are ratoardlated over time. Marcucci’'s method
is simple to use and detects increases and desrddgeever, it is difficult to interpret an out-

of-control signal.



Marcucci (1985) gives data where samples of fimdsheck are classified into conforming,
nonconforming typeA, and nonconforming typB categories with baseline probabilities 0.95,

0.03, and 0.02 respectively. Table 1 shows simdlai@&a using the Marcucci brick example

parameters.
Fraction
non- non-
conforming| conforming| conforming

A B
Baseline .950 .030 .020
Obs 1 .960 .014 .026
Obs 2 .932 .034 .034

Table 1. Marcucci’'s method for two out-of-contotiservations

Table 1 demonstrates that is difficult to interptee results. Both observations are
significantly outside the control limit with a falsalarm rate of 0.05 as used by Marcucci (1985).
For observation 1, is the out-of-control conditioaused by an increase in the number of
conforming bricks? For observation 2, does the grign of nonconforming typeA and
nonconforming typeB bricks cause the out-of-control condition? It idficult to make a
conclusion by eye since as one count increaseghleesum of the other two decreases, and vice-
versa; i.e., the numbers are negatively correldtedeed, Simonoff (2003, p. 80) explains that
the test statistic used by Marcucci, i.e., the mastatistic, cannot detect in which categories or
in which direction the shift is occurring.

Marcucci (1985) attempts interpretation as followvgo out of the three counts are selected
and then modifieg-chartsare created. However, it is not clear which calduld be discarded.
Marcucci (1985, p. 89) indicates that this methoestricted to at most three categories.

Here we present a new method that offers an easigito interpret an out-of-control signal.
The new method is called tipetreemethod in that any multinomial process whtttategories is

transformed into a probability tree wikt1 binary stages. The tree fractions at every stage



independent, as based on Johnstal. (1996, p. 68) as well as Kemp and Kemp (1987),camd
be monitored with independeptcharts. Thus, the-tree methodindicates easily which stages
are responsible in case of a signal.

For example, the-tree method applied to the observatioms Table 1, indicates that in
observation 1 the fraction conforming brick is astent with baseline, but among
nonconforming, typé\ is underrepresented. For observation 2,pttieee method indicates that
the fraction conforming is low compared to baselamed the fraction of typéA among
nonconforming is consistent with baseline. Applythgp-treemethod to the taxpayers’ process,
we first monitor the fraction of taxpayers that soh in a month with the stage-opechart
Then we monitor the fraction of filed complaintseothe number of taxpayers that consult with
the stage-tw-chart

Monitoring customer transaction processes can leegahat different from monitoring
manufacturing processes. Customer transactionsegges are usually continuously scanned
through an IT system, in contrast to manufactupngcesses where sampling is often used. In
customer transactions the monitoring method migirttinoue to provide signals after its first
signal because it may not be possible to removeiapeauses to return the process quickly to
in-control. For example, if thp-tree method shows that the fraction of complaints ia tax
assessment is abnormally large, then managementintrtagluce corrective actions like better
regulations, improved instructions, and changethénIT system — but such changes may take
some time.

We propose to measure the diagnosis accuracy op-nee method by comparing the
number of correct signals with all signals in siatidn experiments. We also measure the
average run length (ARL), which is an estimatehef €xpected number of samples in a control

chart until a sample indicates an out-of-contraveg the process is out-of-control. The



simulation studies show that thetree method is a helpful diagnostic tool where the Maoi's
method offers no diagnostic help. Also, the siriatastudies show that thetree method has
about the same sensitivity as the Marcucci’'s metivbén comparing ARLs. Further, the
trees diagnosis features appear to work well regasdééshe number of categories.

Another approach for monitoring a multinomial pregés Bayesian, as shown in Laviolette
(1995), and Shiaet al. (2005). In general, the Bayesian approach addaskemption that the
probability parameters of the multinomial modelwaccording to a prior distribution, typically
the Dirichlet distribution. Neither Bayesian methadis in interpretation of an out-of-control
signal. Further, Laviolette (1995) detects onlyr@ases in nonconforming fractions in contrast
with thep-treemethod which is two-sided, i.e., detects botheases and decreases of fractions.

The limitation in Shiatet al. (2005) is that they propose a separate chartdoh éraction
without taking into account that fractions in evegtegory are negatively correlated. In case of
the bricks example, their method would monitor ffaetions in Table 1 with three separate
charts The recommended control limits in Shiaual. (2005) are of the Bonferroni type and
lead to a false alarm rate of the combined tir@bars not greater than the desired total false
alarm rate. However, using separate charts foetaiad variables produces misleading results as
noted in Montgomery (2005, p. 487-488 and p. 4989) howry et al. (1992, p. 52). Indeed,
separate charts may have an excessively large ARhag not signal at all for samples that are
out-of-control. The data in Shiaet al. (2005, p. 25-27) even produces contradictions a/faer
chart signals a significant increase in one categuahnile no other category chart signals a
significant decrease. These criticisms do not applythe p-tree method because it uses
independent fractions. Additionally, Shiatial. (2005) propose randomized control limits which
are cumbersome in practice; i.e., those samplédathan control limits are randomly assigned

to in-control or out-of-control.



Tuckeret al. (2002) proposes a monitoring method for ordina¢garical data. The method
assumes that the ordinal characteristic has anrlymdge continuous distribution. If the user
guesses the underlying distribution correctly, thensensitivity of the ordinal chart is betterttha
the Marcucci's method. The method in Tucletral. is not applicable to nominal categorical
data. No interpretation of signals is provided. IBohe p-tree and Marcucci methods may
monitor either nominal or ordinal categorical data.

The rest of this paper is organized as follows:tiBec2 gives the equivalence between a
multinomial process and a probability tree. SecB8arescribes thp-treemethod’s control charts
based on the independence of the tree fractiordioBe4 shows simulation results to illustrate
the diagnosis capabilities of thetree method and compares its ARL performance with the

multinomial based chart of Marcucci's method.

2 Equivalence between multinomial process and probability tree
Consider a multinomial with 3 categories (trinorpiahd a sample of sizZld transactions.
Baseline probabilities in categoryare equal tq;, i= 1,2,3, and the realized numbers in each

category arev, i = 1, 2, 3. Of coursep, + p, + p, =1 andn, +n, +n, =N . This process is

depicted in Figure l1a. Equivalently, Figurelb degptbis trinomial process as a probability tree
with 2 stages. In stage fi,is the baseline probability that transactionsiareategory 1 resulting

in realized numben;, and1-f; is the probability that transactions are not itegary 1, with
realized numbeN-n, In stage 2f, is the baseline conditional probability that tractsons are in
category 2 given that they are not in category ith wealized numben, The conditional
probability that transactions are not in categofyh2refore in category 3) given that they are not
in category 1 isl-f,, with realized numbens;. Only two conditional probability parameters

completely characterize the processandf,.



Figure 1. (a) A trinomial process and

(b) Trinomial process represented pso@ability tree with 2 stages.

Based on the probability multiplicative rule, themay be expressed as a function of fihe
p,=f ,» p,=@-f)Of, , P3=@-f)-f,). Itfollows thatf2 =p,/Q-p,).

This probability tree representation allows theruseorder the categories according to their
monitoring importance. In the Marcucci bricks exadenip is logical to order the stages such that
stage 1 discriminates between conforming and norecming bricks, withf; equal to the
fraction of conforming bricks, and stage 2 discriates between non-conforming TypendB
bricks with f, the conditional probability of non-conforming Typegiven non-conforming. In
case of the categories are of equal or unknown iitapoe, such as transactions typeB, or C,
one can choose an order by default, like categdnedecreasing order of their in-control
probabilitiesp;.

In general, any multinomial witliK categories can be monitored bypdree method that
consists oK-1 independenp-control charts, as shown in next section. Forptabability tree,

fi = baseline conditional probability that item msdategoryi given that is not in category 1,...,



i-1 fori>2. The relationships between the multinomial aee parameters are based on the total

probability rule for multiple events as shown in Mgomery and Runger (2002, p. 44-45):
i-1 .
p, =T, and P, :[|‘|l @- f;) o fori=2,...K
j=

It follows that, f=— P i=2,... K 1)

A shift in a probabilityp; produces shifts in every tree probabifityith i>]. Similarly, a shift
in a tree probability; may have been produced by a shift on any prowipjliwith j<i. The last
fractionfx always equals one, meaning that if the item isimatitegories 1,2,.K-1, it must be

in category.

3 Thep-tree method control charts
The p-tree method monitors any multinomial process wkKR1 control charts that are
independent as discussed below. Assuming that &seline probabilitiep; are known, then

according to (1) the baseline conditional prob#ébsifi, i=1,...K-1 are also known. The control

f@-f
UCL, = fy + Zp gy 210

f@-f
LCL =, = Zg gy G

limits are:

(2)



UCL = fi + Z(_u/p)

CLi = fi fori=2,..., K'l,
LCLl = fi -

whereZ,, is the standard normal distribution such thatupger tail area ip.
The total false alarm rate for all the charts &nd the false alarm rate for each chast*igiven
by:

a* =1- (- a) Pk (3)
based on the independence of the charts (as shelew)oand using Montgomery (2005, egns.
(10-1) and (10-2), p. 489).

The sample statistic for each control chart is

and f-_—_"T i=2,...,K-1 (4)

! i—1

N—an

=1

~ n
hEN

At any observation time, the process is in-conifr@ll K-1 p-charts have sample statistics
within the control limits. The process is out-ofatl if any of thep-charts signal, i.e., have
sample statistics outside the control limits.

These control charts are based on the distribufimnsvery binary stage of the probability
tree. These are independent Binomial distributiointhe realized numbet; in categoryi given
the realized numbers in categories 1;1,,as shown by Johns@tal. (1996, p. 68) as well as

Kemp and Kemp (1987), and given by:



n, ~ Binomial(N, p )
i-1
n givenn n,.n, -~ Binomial(\l—z n, P ) fori =2.K -1 (5)

i-1

1= p,

j=1

For instances,n, comes from an independent Binomial with sample d%e; and

probability—P2_ | which according to eqn. (1) is equivalentf4oThus, everyp-chart monitors
P

the independent; in categoryi given the realized numbers in categories 1;1,.,using the
sample tree fraction f() of stagei, as the ratio of the realizeg to its sample size in its
independent Binomial in egn. (5).

The square-root terms in eqn. (2) are the standevihtions of thefi conditioned om;,

ny,..., i1, which can be directly obtained from each Binonmaéqgn. (5). It can be shown also

that those square-root terms represent an apprarimi@r the unconditional standard deviation
of fiwhenNis large and the probability that any count eqeabs negligible.

The p-tree method may be implemented using Minitab or anep#oftware that offers the
p-chart For example, Figure 2a showp-@hartfor f1 and Figure 2b showsmchart for f 2 for

simulated finished bricks data as in Table 1 with 0.05.
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Figure 2b. p-chartfor f, (non-conforming Typ@ bricks over all non-conforming bricks)

The first two observations in Figures 2a and 2bthose in Table 1 and are the only ones
outside the control limits. The-chars make it easy to interpret the out-of-control aign
observation 1 reflects a decrease in tpparicks relative to the total non-conforming bridles

shown in Fig. 2b) while observation 2 reflects ardase in conforming bricks (as shown in Fig.
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4 Measuring experiment comparing p-tree and Marcucci methods

We define the diagnosis accuracy of fagee method as the fraction of correct signals over
the total number of signals, a concept adapted fB&mneret al. (2006). If the tree probabilitly
shifts, the signal is correct only when fxehart for f; signals, and othep-chartsfor f; do not
signal, j# and j=1,2,...K-1. The Marcucci’'s method offers no help in intetprg which
category has shifted when a signal occurs, saatgésis accuracy cannot be measured.

Also in this section, we compare the sensitivitytlodé p-tree method and the Marcucci's
method to shifts in the category probabilities gsftRL. The number of runs of each simulation
is determined such that the standard error of eestimated ARLs, for both the-tree and
Marcucci methods, are less than 1.5% of the estithARLSs. Diagnosis accuracy of tperee
method is also measured as an average from albitgling runs.

Now, we briefly present the Marcucci’s control dnafFhe method uses the Pearson statistic:

< (nl - Npi)z
XZZZN—pi (6)

i=1
wheren; is the realized number in categdryin a sample of siz#|, p; is the known baseline
fraction in category. The X? statistic above is approximately Chi-square distied assuming
the process is in-control, the sample $\zis greater than 167, and the expected occurrévges

are not too small. The upper control limit (UClf)tbe Marcucci’'s chart is:

UCL = y?

(K-La)
wherea is the false alarm rate and the upper tail arethefchi-square distribution witK-1
degrees of freedom. There is no lower control liemd the chart only indicates whether the
process is in-control or not. If the chart tellattthe process is out-of-control, we do not know

whether it is too high or too low in any particutategory.
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4.1 Diagnosisaccuracy and ARLsfor processes with three categories

We conduct a simulation experiment to study themisis accuracy of the-tree method.
The focus is on two scenarios: The first is catleel Brick case where the baseline multinomial
probabilities follow Marcucci's example. The secomsdcalled the Customer case where the
baseline multinomial probabilities are more disitéd. In this first simulation only processes

with 3 categories, as in Figure 1, are considefidwk experimental design is summarized in

Table 3.
Factors Levels
Baseline Brick p;=0.95, p,=0.03, ang ;=0.02 orf, =0.95 and ,=0.6, and

Probabilites  [Customeip,=0.5, p,=0.25, and ;=0.25 orf, =0.5 andf ,=0.5

ARL 20 and 200
Brick case: 1,000

Sample Siz& Customer case: 300

f, Brick case:  from 0.95 to 0.945, 0.94, 0.93%l 6.93
Customer case: from 0.5t0 0.52, 0.54, 0.56, @&h8,0.6

f, Brick case: ~ from 0.6 to 0.56, 0.52, 0.48, Qa¥d 0.4

Customer case: from 0.5t0 0.52, 0.54, 0.56, &68,0.6

Table 3. Factors and levels for examples witheluaegories

The ARL to a false alarm is denoted by AR&nd is equal to &/ since successive
observations are independent. The levels for ARLthe experiment are 20 and 200. This
corresponds ta* for the separat@-chars equal to 0.0253 and 0.0025 respectively as in egn
(3). Coleman etl. (2001) present control charts with ARbf approximately 22 and 370 when
monitoring business processes. Marcucci (1985) aglgs an ARg of 20 when monitoring
samples sizes over 200 bricks.

Sample size parametexsare selected to guarantee a normal approximatidhet Binomial

distribution, the Chi-square approximation to thatistic X ? as well as positive lower control

12



limits, and upper control limits less than onetfog individualp-charss in thep-treemethod. The

shifts represent variations up to approximatelgéhsigma of each tree fraction.
The independence property of the tree fractioiss is confirmed by the Kendall

nonparametric tests of independence (Kendall & Giish 1990, p. 66) betweefy andf, for

both scenarios, for in-control data sets with 20,8@mples and a 0.1 level of significance.

Tables 4 and 5 show the diagnosis accuracy restiltse p-tree method and the ARLs for

thep-treeand Marcucci methods.

ARE=20 AR$=200
Tree | Diagnosis . | Diagnosis .
Tree Prob accgurac p-tree | Marcucci accgurac p-tree | Marcucci
Prob. ' YI'ARL | ARL Y| ARL ARL
Value | of p-tree of p-tree
0.95 20.8 20.9 188.3 189.4
0.95 0.76 10.3 9.0 0.88 46.6 42.4
f, 0.94 0.90 4.1 3.8 0.97 12.1 12.2
0.94 0.95 2.1 2.0 0.99 4.3 45
0.93 0.97 1.4 1.4 1.00 2.1 2.3
0.60 20.7 20.6 188.3 189.3
0.56 0.69 12.8 12.6 0.74 77.0 76.8
f, 0.52 0.85 6.0 6.0 0.92 24.2 25.4
0.48 0.92 3.0 3.1 0.98 8.7 9.6
0.44 0.95 1.8 1.9 0.99 3.8 4.3
0.40 0.97 1.3 1.4 0.99 2.1 2.4

Table 4. Diagnosis Accuracy (correct signals dkiertotal signals) and ARL performances for

Brick caseK=3
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ARL (=20 ARLy=200
Tr Diagnosi . | Diagnosi .
Tree Pr(()eg a:cgur(;?:s p-tree | Marcucci aci:gur(;is p-tree | Marcucci
Prob. ' Y| 'ARL | ARL Y| 'ARL | ARL
Value | of p-tree of p-tree
0.50 21.1 20.6 214.6 208.1
0.52 0.71 11.7 11.9 0.80 87.0 94.1
f 0.54 0.89 4.7 4.8 0.95 21.1 22.8
0.56 0.94 2.2 2.3 0.98 6.0 6.6
0.58 0.97 1.4 1.4 0.99 2.6 2.8
0.60 0.97 1.1 1.1 1.00 1.5 1.6
0.50 21.1 20.6 214.6 208.1
0.52 0.63 14.9 14.6 0.71 123.1 121.6
f, 0.54 0.81 8.0 7.9 0.90 45.7 45.1
0.56 0.90 4.1 4.1 0.97 16.1 16.7
0.58 0.94 2.4 25 0.99 6.9 7.3
0.60 0.96 1.7 1.7 0.99 35 3.8

Table 5. Diagnosis Accuracy and ARL performancesfustomer cas&=3

Tables 4 and 5 show that for both cases, the latgeshift from baselinethe better the
diagnosis accuracy and the larger the ARhe better the diagnosis accuracy for the sanfe sh
For example, Table 5 shows thaffifshifts from 0.5 to 0.52 and AR£20, thep-tree method
signals correctly for 0.71 of the signals.fifshifts from 0.5 to 0.6 and ARE20, thep-tree
method signals correctly 0.97 of the signals.

If the diagnosis accuracy measure is divided by AR, we get the fraction of correct
signals over the total of samples. This fractiombmes sensitivity with diagnosis accuracy and
estimates the probability that thetreemethod signals correctly at any sample for a gedtleat
is out-of-control. For the Customer case in Tablg § shifts to 0.52 and ARJ=20, the fraction
of correct signals over the total of samples i$0.0

As expected, th@-tree diagnosis accuracy is better if the tree prob@gbthat shifts has a
lower index, or comes first as a stage, becausetdge’'s sample size is larger. For example,

Table 5 shows that the diagnosis accuracy forshify is better than for shifts i,
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In terms of ARL comparisons, Table 4 shows thatMweecucci’'s method is slightly more
sensitive than thp-treemethod when monitoring shifts dnin the Brick case, particularly when
ARL (=20, which is the case developed in Marcucci (198&ble 5 shows that theetreemethod
is slightly more sensitive than the Marcucci’'s noethwhen monitoring shifts offy in the
Customer case. In general, Tables 4 and 5 showthbalifferences between the ARLs of both
control charts are quite small. The significanttabuition of thep-tree method is its value as a
diagnosis tool.

Figure 3 shows a graph comparing the ARL performaanehenf; shifts in the Customer
case. Although other graphs are not shown, thastypical plot. In general, it is visually diffiqul

to distinguish between the methods.

ARL Comparison

Shifton f1
8
N
Q
LO —
—
4
<8+
2
o F' Y
T T T T T T
5 .52 .54 56 .58 .6

Fraction f1

’—0— arl_ptree —=a—— arl_Marcucci ‘

Figure 3. ARL comparison for shifts énin Customer cas&=3

4.2 Diagnosis accuracy and ARLs for a process with six categories
The simulation experiment in this section focusesaoCustomer case with six categories,

and it is summarized in Table 6. The tree basgino&abilitiesf; are all equal to 0.571,2,...,5.
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The sample size I§=1,000. The shifts represent variations up to apprately three sigma for

each tree fraction.

Factors Levels

Baseline p,=0.5,p,=0.25,p3=0.125p,=0.0625p 5=p =0.03125 or
Probabilities equivalentlyf;=0.5 ,i=1,...,5

ARL 20 and 200

Sample Sizé\ 1,000

fy from 0.5t0 0.51, 0.52,...,0.55

f, from 0.5t00.51, 0.52,...,0.56

fa from 0.5t0 0.52, 0.54,...,0.60

fy from 0.5t0 0.52, 0.54,...,0.60

fs from 0.5t0 0.53, 0.56,...,0.68

Table 6. Factors and levels for simulation expentwith six categories

The o* for eachp-control chart offi, i=1, 2,.., 5 are obtained using eqn. (3) and are02.01
and 0.001 for ARbL of 20 and 200 respectively. The independence ptp@enong the tree
fractionsfi 's is confirmed by Kendall nonparametric testsrafépendence among tfiés for an

in-control data set with 20,000 samples at a Ou&llef significance

Table 7 shows that thetrees diagnosis accuracy is better if the shift sine/ar ARLy are
larger, and if the tree probability that shifts lzakwer index. These results are similar to those
in Tables 5 and 6 for three category case. The eunob categories does not limit these

advantageous features of fhreemethod.
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ARE=20 ARKE=200
Tree| Diagnosis .| Diagnosis .
Tree p-tree | Marcucci p-tree Marcucci
Prob.|accuracy @ accuracy o
Prob. value| p-tree ARL ARL p-tree ARL ARL
0.50 20.0 19.9 204.7 192.3
0.51 0.40 15.5 16.0 0.49 133.5 144.0
f, | 0.52 0.71 7.6 8.4 0.83 43.4 54.4
0.53 0.86 3.5 4.1 0.96 12.7 17.4
0.54 0.92 2.0 2.3 0.98 4.6 6.4
0.55 0.95 1.4 1.5 0.99 2.3 3.0
0.50 20.0 19.9 204.7 192.3
0.51 0.31 17.9 18.8 0.38 156.4 178.7
0.52 0.53 12.0 12.8 0.72 89.9 103.9
f, | 0.53 0.73 7.0 7.7 0.87 34.0 43.9
0.54 0.84 4.1 4.6 0.94 14.5 20.9
0.55 0.90 2.5 3.0 0.97 6.8 10.1
0.56 0.93 1.8 2.0 0.98 3.7 5.3
0.50 20.0 19.9 204.7 192.3
0.52 0.39 15.5 16.7 0.50 127.9 145.8
fy | 0.54 0.70 7.7 8.5 0.85 41.4 52.6
0.56 0.86 3.6 4.2 0.95 12.1 17.3
0.58 0.92 2.0 2.3 0.98 45 6.5
0.60 0.95 1.4 1.5 0.99 2.2 3.0
0.50 20.0 19.9 204.7 192.3
0.52 0.30 18.0 18.1 0.36 169.9 162.5
f, | 0.54 0.54 12.0 12.4 0.67 90.3 89.8
0.56 0.73 7.0 7.6 0.86 36.3 42.2
0.58 0.84 4.0 4.5 0.94 15.1 19.8
0.60 0.90 2.5 2.9 0.97 7.0 9.6
0.50 20.0 19.9 204.7 192.3
0.53 0.31 17.7 17.5 0.37 158.6 140.5
fs | 0.56 0.55 11.5 11.0 0.68 79.1 69.2
0.59 0.75 6.5 6.4 0.88 31.0 31.0
0.62 0.85 3.6 3.8 0.95 12.2 14.1
0.65 0.91 2.2 25 0.98 5.6 7.2
0.68 0.93 1.6 1.8 0.99 3.0 4.0

Table 7. Diagnosis Accuracy and ARL performancesJustomer cas&=6.

Table 7 also shows for ARL comparisons, fhwree method is slightly better than the
Marcucci’'s method when monitoring shifts én f, or f3. However, the Marcucci’'s method is
slightly more sensitive when monitoring small shifinf, andfs, particularly when AR=200.

Notice that the smaller the index of the fractioanmored, the larger the stage’s sample size in
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thep-treemethod, and the better the ARL performance ofptiieee method over the Marcucci’s
method.
Figure 4 shows a graph comparing the ARL perforraangherf, shifts, which is a typical

plot that shows the closeness between the ARLs1tf tmethods.

ARL Comparison
Shifton f4

T T T T T T

5 .52 .54 .56 .58 .6
Fraction f4

’—0— arl_ptree —a—— arl Marcucci ‘

Figure 4. ARL comparison for shifts & K=6 (shows typical similarity between methods)

5 Conclusion

Transaction processes in the service industry onufa@turing processes with multiple
categories can be sampled and modeled as multihpnoeesses. We propose to monitor any
multinomial process by decomposition into independénary stages using a probability tree.

If a conditional probability related to a tree’sage¢ shifts, the-tree method accurately
detects it. As shown on the results, the largersth# size, or the larger the ARLor the lower
the index of the tree’s stage that shifts, thedoétte diagnosis accuracy of ghdreés signal. By
contrast, a signal in the Marcucci’'s method may Ioetinterpreted or measured, because the

counts ) across the categories are negatively correlatezhg them.
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We showed also the limitations of other recent mash(Bayesian’s based) for monitoring
multinomial processes. These methods can not peaaigrpretations for customer transactions,
because they can not take into account the caoelatnong categories.

Comparisons of ARL results of thetree and Marcucci’'s methods with three and six
categories show that theetree method has similar sensitivity (or even slightitter) than the
Marcucci’'s method. The-treemethod has the flexibility to fit any multinomiptocess, as long
as the fractions in the converted tree are appratdiy normally distributed. Future research
issues are: nonnormal tree fractions, problems avitlon obvious order of categories in the tree,
and problems with simultaneous shifts on severattions. Processes with multiple stages,
where every stage has many categories could beifuestigated because those models could
serve to monitor complex and large interaction psses between customers and organizations

either in the private or public sectors.
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